New gauge vector in lyra geometry and application in cosmology 
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Abstract 

(-H , Many theorists have studied cosmology within Lyra geometry. However, the field equations derived from 

^ I the gauge vector they assumed are not exactly the same as the well-known cosmological equations derived from 

I _ Riemannian geometry. In our paper, we introduced a new gauge vector to overcome this difficulty. The field 

^ . equations derived from our gauge is exactly the same as the well-known cosmological equations. 
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1 Introduction 

^: 

Einstein has founded his magnificent theory-General Relativity, which is based on Riemannian geometry. With 
modern points of view, the dark energy has a dominant portion in space, but in Einstein's regime, the cosmological 
OA ' constant , just plunged into the Einstein equation with out any intrinsic geometry implication as Sen pointed 
^ . out. Weyl[l]has proposed a modified Riemannian geometry to formulate a unified field theory but failed for 
■ physical reasons. Later Lyra[2] proposed a new modification of Riemannian geometry upon the work of Sen. The 
, cosmological constant arises naturally from Lyra's geometry. To be precise, it relates to a gauge vector (/3,ai,Q;2,a3). 
\^ ■ Many theorists have studied cosmology by using Lyra geometry [3-24] and got a lot of good results. They all 

assumed that the gauge vector is only have a time component, which is of the form (/3, 0, 0, 0). However, the field 
equations derived from this gauge is not exactly the same as the well-known cosmological equations. Now we 
. assume the spatial component of the gauge vector is not zero. After a series of calculation, we get a new gauge 
vector. The field equations derived from it is just exactly the same as the well-known cosmological equations. 
Further more, the time component behaves just like the previous research assumed. 
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^ " 2 The Lyra geometry and field equations 

First of all, we rewrite the Einstein field equation without the cosmological constant: 

-R^i/ - ^-R^M'^ = -kGT^^ (1) 
The LHS is the Einstein Tensor. The RHS is the energy-momentum tensor, which is: 

To" = p, Tl = T| = Tl = -p, T!; = 0(m ^ (2) 
If we add the cosmological constant A in the equation above, we'll get: 

Rfj^u - ^Rdt^iy + ^9tii^ = ~kGT^^ (3) 
We can write down the equation in the components. 

G^^ + ^g^^ = -kT,, 1 < « < 3 (4) 

Goo + A.goo = -kToo (5) 
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Secondly, because of our universe is isotropic and homogeneous, which is the cosmological principle. This 
spacetime symmetry is concluded as the FRW model. The line element is 

ds'^ = dt^ - S'^{t)[-—— + r'^{d6'^ + sin'^ed(f)] (6) 
We put the metric into the Einstein tensor, we could get the representation of the components: 

/^l ^ /rrX 

~ ^0 = ^ + -g2 

Within the regime of Lyra geometry, Follow the standardized method [25] we get the field equation in lyra 
geometry [10]: 

Gj; + \r<Pu - Isi^r^ = -i^Tii (9) 

In the equation, <j)^ is the gauge vector in Lyra geometry. 

3 Ordinary gauge vector model 

In the is case, we just assume (j)^ = (/3, 0, 0, 0). Put it into the equation (9), we get the equations explicitly [10]: 
and 

^ + ^ + = (11) 

Compared with the normal relativistic cosmology equations: 

k 2S , 

52 + 52+^-^ = -'^P (12) 

3k 3S . . . 

S^ + ^-^ = ^P (13) 

We can see an obvious difference between them is that the sign of (3^ is opposite. The theorist just studied the 
equation (13) and got a lot of results. 

4 New gauge vector model 

Instead of the ordinary vector (^,0,0,0), we use a 4-vector with spatial component. We just postulate that the 
gauge vector is: 

= (/3,ai,a2, as) (14) 
In which and /3 are functions of time and space. Immediately, we can derive that: 

ctP = ct>o=P (15) 
<^i=W^ = f^ai (16) 



Also, we can get 



1)2* 



/,2 = -a^'S^i^T^ (18) 



^3 - -a^'^S'^itysin^e (19) 
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We just put (15), (17), (18), (19) into the field equation (9) derived from lyra geometry. Here comes out 4 
equations corresponding the 4-spacetime dimensions: 

G\ + ^cj>,cf>^ - lr<Pa = -nTl (20) 

Gl + ^<^2<A' - \r<l>a = -«r| (21) 



Gl + 1<P3^' - = -^Ti (22) 



G°o + I'/'o/ - lrct>a = -kTS (23) 

We want the new gauge vector could induce the right field equation like the ones in GR, so we need the following 
conditions: 

0101 = 02-^' = h^b"" (24) 

Then, the first 3 equations (20), (21), (22) are the same, we focus on (20), (23) and then we get the field equations 
in the explicit form: 

52 + ^ + ^ - i<^i^^ - = (25) 

and 

3 3 5* 9,,t3„i-) /^^\ 
^ + ^ - i^i^^ + - (26) 

Compared with the normal relativistic cosmology equations: 

52 + 52+^-^ = (27) 

3/b 3*5 . „ \ 

;55 + ^-A = Kp (28) 

So if the condition — jcpicp^ + = — |0i(/>^ — holds, the equations are identical. Now we have— l^i^^ + 
= — |0i0i — |/3^,which means0i0^ = ^^.We can simplify the equations we have got,we can rewrite down the 
cosmology equations 

^ + I2 - = «P (29) 

3/i/ 3 . . 

S^ + -S^~2^='^P (30) 

So we have |/3^ = A. The A is a positive real number. So, another outcome is that if we want the cosmology 
derived from Lyra manifold is exactly the same as the General Relativity situation, we need to get a gauge vector 
that has a time component ^ which is a real number to make lyra manifold to be consolidated. 

We can calculate the gauge vector explicitly. 

/3 = V|a (31) 



./|A(1 - fcr2) 

= Sit) - 

For the ai component if we suppose that our universe is flat or open, then the ai is pure imaginary. If the fc is a 
positive real number, the ai component will be either real or imaginary in different patches of our universe, which 
gives us a hint that the universe might not be closed. 
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The Lyra gauge vector consolidated is: 



We have mentioned that this gauge vector has imaginary components part, just hke Sen pointed in[3], this kind of 
gauge vector can exist in the geometry without contradiction. 



5 vacuum Friedman equation 

At last, we can get the vacuum Friedman equation from (29), 

H' + ^-^=0- (36) 

Where H is Hubble parameter. (36) could be used to describe the de Sitter universe. Neglect the influence of 
matter, the vacuum is the dominate faction in the universe, which is also adaptable to the inflation stage of the 
evolution of the early universe. 
The solutions[26] of (36) is 

• fc = S{t) = mexpi^t) 

•k = +l Sit) = -^coshi^t) 

,k = -l Sit) = ^coshi^t) 

The A above is precisely detected now[27]:A ~ 10~^^Gev'^. 



6 Discussion 

Due to our work, we got a new gauge vector which could make a perfect corresponding with the lyra manifold 

to the Cosmology derived from Riemannian Geometry. Also, we gave the dark energy a good geometry implication 
that the dark energy is due to the new 4-dimensional gauge vector. The spatial part of our gauge vector is pure 
imaginary in the situation that our universe is flat or open. We will get an ill deflned christoffel. Even though, 
the result of this is tolerable because the Ricci Tensor and Ricci scalar is still real indeed. The curvature is the 
one corresponds to the real physics. Later we specially focused on the vacuum Friedman Equation to get a image 
about the evolution of the vacuum. With our model,we ruled out the possibility discussed by A.Beesham that 
the universe has the possibility to oscillate, which means that the oscillation situation could be avoided in lyra 
geometry. We could also get a hint that our universe may be flat or open, not closed from the gauge vector. 

Acknowledgments 

This work was partly supported by the National Natural Science Foundation of China 



7 Reference 

[I] H. Weyl, Sber. Preuss. Akad. Wiss. (Berlin) 465 (1918). 
[2] G. Lyra, Math. Z. 54, 52 (1951). 

[3] D. K. Sen, Z. Phys. 149, 311 (1957). 

[4] D. K. Sen and K. A. Dunn, J. Math. Phys. 12, 578 (1971). 
[5] K. S. Bhamra, Aust. J. Phys. 27, 541 (1974). 

[6] S. B. Kalyanshctti and B. B. Waghmode, Gen. Rclat. Grav. 14, 823 (1982). 

[7] D. R. K. Reddy and P. Innaiah, Astrophys. Space Sci. 114, 285 (1985). 

[8] D. R. K. Reddy and R. Venkateswarlu, Astrophys. Space Sci. 136, 183 (1987). 

[9] A. Beesham, Astrophys. Space Sci. 127, 355 (1986). 

[10] W. D. Halford, Aust. J. Phys. 23, 863 (1970). 

[II] W. D. Halford, J. Math. Phys. 13, 1699 (1972). 
[12] A. Beesham, Aust. J. Phys. 41, 833-842 (1988). 

[13] A. Pradhan, S.S.Kumhar, Astrophys Space Sci. 54, 137-146 (2009). 



4 



[14] A. Pradhan, P. Mathur, Fizika B. 18, 243-264 (2009). 

[15] A. Pradhan, P. Yadav, Int. J. Mathematical Sci. (2009), DOI: 10.1155/2009/471938. 

[16] A. Pradhan, J. Math. Phys. 50, 022501-022513.23 (2009) 

[17] A. Pradhan, H. Amirhashehi, H. Zanuddin, IJTP 50, 56-69 (2011). 

[18] A. Pradhan, A.K.Singh, IJTP 50, 916-933 (2011). 

[19] A.K. Yadav, FIZIKA.B 19, 2, 53-80 (2010). 

[20] S. Agarwal, R.K. Pandey, A. Pradhan, IJTP 50, 296-307 (2011). 
[21] R. S. Singh, A. Singh, EJTP 9, N o. 26, 265-282 (2 012). 
[22]V. K. Shchigolev, E. A. Senienova [arXiv:1203.0917 
[23]V. K. Shchigolev, Mod. Phys. Lett. A, 27, 1250164 (2012) 
[24]V. K. Shchigolev, arXiv:1207.5476 

[25] LD. Landau, EM. Lifshitz,The theory of classical fields Pergamon Press, Oxford(1962) 

[26]A Beesham, Ast. Sp. Sci. 127, 189 (1986) 

[27] Jorge L. Cervantes-Cota, George Smoot. arXiv:1107.1789l 



5 



